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Abstract. We prove thbt if k>3 and there exists a regular graph with valency k, edge 
ity k and chromatic index k +l, then there exists such a graph of any girth g 14. 
connectiv- 
G=(X.E)iscalledagraph ifXisafinitesetandEc {{xr,.x2)lx1, 
x2 E X and x1 # x2 ). We call X the set of vertices and E the set of edges 
of G. For each x E X, d(x) is the number of edges containing x. We call 
d(x) the valency of the vertex x. If d(x) is the same for all x E X, then 
G is called regular. G has edge connectivity k if k is the smallest number 
of edges whose removal disconnects G. G has chromatic index h if its 
edges can be partitioned into X disjoint classes (colors), but no fewer, 
so that two edges of the same class (color) have no common vertices. 
G has girth g if no cycle has length shorter than g. If x E X, G, denotes 
the graph with vertex set H(x) and edge set {e E Elx $ e}. I G I denotes 
the cardinality of X. Further definitions may be found in [2] or 161. 
The Petersen graph (see Fig. 2) is bridgeless (that is, it has edge con- 
nectivity at least 2), r.rivalent, of girth 5 and has chromatic index 4. In 
this paper we prove: 
* The authors announced the case k = 3 of this p:,per in abstract 691-05-l 1 of the Notices Am. 
Math. Sot. Notices 19 (1972) A-33, 
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If k 2 3 and there exists a regular graph with valemy k, edge comect- 
ivity k and chrornatdc index k + 1, then thelre exiTts skech a gra,gh of any 
girth g 2 4. 
fRmma 1. Let G be a graph with n vertices. Suppo:;e a,!1 vertices of G 
have valency k except x1, . . . . x, which have valency I,, . . . . I,. If lve can 
color the edges of G in’k colors cl, . . . . ck and if ni is the number of ver- 
tices in (x1, . . . . x,) whr’ch are contained in at2 edge of color Cis then 
(a) ni E n-s (mod 2); 
all ni ure even and X& 1 lj is even ; 
(d) if Zg_ 1 lj = k and k is odd, then Iti = 1 for all i; 
(e) if ZiiI li = k and n-s is odd, then ni = 1 for all i. 
Proof. Let ai be the number of edges in (1: of color ci_ Clearly, 
P! 2Ui=n-S+ni. 
Hence (a) is obV”ous. If we sum (*) over i = 1, #.., k and! use the fact 
that twice the number of edges is the sum of the valencies, we have 
which yields (b). If Z& lj <C k, then some ni = 0 and (c) ffillows from 
(a).. If ET= 1lj = k and k is odd, then ~111 ni are odd. Thus no Yli = 0, and 
(d) follows easilv. The condition n-s odd, together with (:a,) imp:lies that w 
no E!i =: 0, hence (e) also fOIilOWS. 
Corollary 2. Suppose G is a regular graph of valency k which has two 
vertex disjoint subgraphs H, and Hz with the following properties: 
(i) el , - ek _&, (with 0 < p < 3 k) are the only edges of G which 
contain vertices ih both H, and Hz :, 
(ii) ei r! ei = fl if i St j; 
(iii) all cd& 0-f G except e 1 , . . . . k’k_2p are either in HI or H2 ; 
(iv) if k is even, the number of vertices in M, is odd. 
The)? $S has chromatic index k + 1. 
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Proof. Let IZ be thti number of vertices in the graph H formed by H, 
and the edgeser, . . . . ek_2p. IIf k is even, then rz-4 + 2/j is odd by the 
hypothesis (iv). Hence Ii cannot have chromatic index k by Lemma 1 
(a), (c). If k is odd, k-2p is odd, so again H cannot have chromatic 
index k by Lemma 1 (c). But by the Theorem of Vizing f 121 (see a&m 
[ 6; 7; 13]), the only other possibility for the chromatic index of G is 
k+ 1. 
Example 3. Let x1, ..,, xk-2 ( k > 3) subdivide X:-2 of the edges of the 
complete graph S, + 1 on k+l vertices. Let G(x l ,, *.., Q_~) be the graph 
formed by adding the zomplete graph on the ve’rtices x 1 , . . . , xk __2 to 
s k+l. If G is the graph formed by taking two copies of G(xr , . . . , xk _2) 
and adding the edges joining each Xi to its counterpart (see Fig. 1 j, 
then by Corollary 2, G has chromatic index k + 1. 
Let G = (X, E) and II = (Y, F> be graphs, x E X and d(x) = d. Le: 
0 1 9 . . . , xd ) be the set of vertices of G adjacent to x. If {y 19 ...9 JQ 1 
s Y, weshallforma~aph~=B(G,xI,....xd~~~,yl,...,yd)asfolllows: 
The vertex set of B is (.X\{ x}) U Y, while the edge set of B is 
{e%!$x$e} cj 1FU {‘:xt,yt},..., {x&y&} *wecall thisoperation 
blowing up the vevtex ;Y of G into the graph H using the vertices 
Yl , . . . . yd. 
Llet Cj denote the class of all regular graphs of valency k, edge con- 
nectivity k and girth g. 
Lemma 4. Ci is non-empty when k 2, 2 and g 2 3. 
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Proof. For each k ;.nd each g we will construct by double induction a 
graph G (k, g) with f(k, g) vertices in the class Ck . It is clear that the 
‘k complete graph on k + 1 vertices is in the class C, for all k >_ 2. It is 
also clear that the cycle of length g is in the class Ci For zll g 2 3. We 
assume that G(k, g) has been constructed for all g 5 go and that 
G(k, go+ 1) has been constructed for all k 5 k,. To consilnact G = 
G (k, + 1, g,] + 1 ]I, we blow up each vertex of GCf(ko, ,g,+l ), go ) into 
G(ko,go + 1) using all vertices of G(k,, go + 1). Suplpose some k. edges 
el, .-., ek,, disconneczt G into two components G, and G,. Some copy 
of G(k,, go + 1) must lie partially in G, and partiallly in G2 ; otherwise, 
k. edges eparate Gcf(ko,ga, + 1), go), a contradiction. Since it takes at 
least k. edges to separate G (“et go + I), all of the ed.ges el , . . . , ek,., must 
lie in the same cop? of G (kOf , go + 1). But each of the vertices of this 
copy of G(&--. go + 1) is attached to other vertices of G by edges which 
have not been removed. Thus we have shown that G has edge connectiv- 
ity ko + I a Et is now easy to verify thst G E C$i$. 
Remark 5. Since iany regular graph of odd valency has an even number 
of vertices and since 
f(k+ Lg+ l)=f~(k,g+l),g)f(k,g+l), 
f(k. g) is even except when k = 2 and1 g is odd or g =: 3 and k is even. 
Theorem 6. If k L? 3 and there is a gr(aph D(k) E U Fz4 Ci which has an 
even number of vertices and chromatic index k + I, then each Ct for 
g 2 4 has such a graph. 
Proof. If g 2 3, ‘let .;c; , . . . . xk be adjacent o a vertex x of the graph 
G( k, g) of Lemma 4 We blow up each vertex of D(k) into G( k, & 
using the vertices x 1 , . . . . xk . Clearly, the resulting graph C( k, g) is a 
member of Ci. Suppose some C(k, g) has chromatic index k. Consider 
the graph G formed by a fixed copy of G( k, g), and the edges el , . . . . ek 
joining this copy tcl other copies of G( k, g)x !in C(k, g). The number of 
vertices in G is S(k, g) + k - 1. Since f(k, g) - 1 is odd by Remark 5 
whenk23andgz: 4, Lemma 1 (d]r and (e) imply that all the edges 
q , . . . . ek have a di*Fferent color. Applying this to each bl,own up vertex 
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y of&k) allows us to color the edges of L?(k) with k colors since 
el 9 l **7 ek are just those edges which meet at _V in D(k). By Vizing’s 
Theorem, this contradiction sholws that C(k, g) must have chromatic 
index k + 1. Since 
IC(k, &I= Cf(k g) - 1) ID(k) I, 
lC(k, g)l is even if and only if ID(k)1 is even. 
Coroflmy 7. Let k be an men integer at lm-t 4 or k = 3. For every 
8g 2 3, there exists a graph in Ci which has chromatic index k + 1 y 
Proof. If k = 3, let O(3) be the Petersen graph and apply Theorem 6. 
If k is even, let D(k) be the complete grqh on k f 1 vertices This graph 
has girth 3 and by Lemma 1 (a) with s := 0, it has chromatic index k + 1 
(see also [ 1 ] ). In this case, if g 2 41, we can perform thle same construc- 
tion as in the proof of Theorem 6 to arrive at a C(k, g) with an odd nLlrn= 
ber of vertices and chromatic index k + 1. 
Remark 8. Erdijs and Sachs construct in 14-1 regular graphs of valency 
k and girth g for each k >_ 2 and g 1 3, but we are not able to prove that 
they have edge connectivity k + 1 (see also [ 91). However, they do 
prove that any Isuch graph with the minimum number of vertices has 
edge connectivity at least [#(k + 1)] . 0~: construction in the proof of 
Lemma 4 is the same as in [ 81. 
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Remark 9. One can often obtain a much smalller graph than that obtain- 
e63 in the proof <,f Theorem 6 by blowing up al carefully selected subset 
of the vertices of D(k) into G(k, g& y For example, when k = 3, we need 
only to blIow up ths circled vertices of the Petersen graph in Fig. 2. 
Remark 10. Lemma 1 is a generalization of a theorem of Blanche Des- 
cartes [3] and, in fact,, the idea for the construction which we use in 
the proof of Theorem 6 is found in that paper. (An argument of this 
type also appears in [ 5) l ) Tutte conjectures in [ 10; 111 that all bridg- 
eless trivalent graphs with chromatic index Q are subcontractible to the 
Petersen graph. (Thiis conjecture obviously i.mplies, and is possibly 
equivalent to, the Four Color Conjecture.) Each of the graph&(k, g) 
constructed in the proof of Theorem 6 is subcontractible to D(k), the 
Petersen graph in case k = 3 i.n the proof of Corollary 7. Lemma 1 has an 
~‘:asy generalization to hypcrgraphs (for the definition, see [ 2 I ), but we 
do not include this since hyyergraphs of rank r and valency k can easily 
have chromatic index r(k.-- I) + 1 9 when k 5 Y (the duals of block designs, 
fi>r example$ V. Faber and L. Lovasz have asked if the Theorem of Vizing 
cdn be generalized to yield (Y -- 1) k + 1 as an upper bound to the chro- 
nral:ic index of hypergraphs of rank Y I k. 
Adr3ed in proof. G.H.J. Meredith has recently shown that theTe exists a 
rq@ar graph of valency k, edge k, girth 4, chromatic index k + 1 with 
an even number of vertices for all ,ic 2 3 except possibly k = 5;. OUT 
Theorem 6 thus shows that there exists such a graph of any pith g 2 4. 
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